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1.1. Heterogeneity and Anisotropy of Heterogeneity and Anisotropy of 
Hydraulic ConductivityHydraulic Conductivity

HeterogeneityHeterogeneity is the change of a property in is the change of a property in 
space.space.

AnisotropyAnisotropy is the change of a property with the is the change of a property with the 
direction of measurement.direction of measurement.

If (K) is independent of position within a If (K) is independent of position within a 
geological formation, then the formation is geological formation, then the formation is 
homogenoushomogenous..

If (K) is dependent on position within a geological If (K) is dependent on position within a geological 
formation, then the formation is formation, then the formation is heterogeneousheterogeneous..



If (K) is independent of the direction of If (K) is independent of the direction of 
measurement, then the formation is measurement, then the formation is isotropicisotropic..

If (K) is dependent on the direction of If (K) is dependent on the direction of 
measurement, then the formation is measurement, then the formation is anisotropicanisotropic..

Note: Statistical distributions are used to provide Note: Statistical distributions are used to provide 
a quantitative description of the degree of a quantitative description of the degree of 
heterogeneity in a geological formation.heterogeneity in a geological formation.

See Figure 1See Figure 1



Figure 1Figure 1 Four possible combinations of heterogeneity and anisotropyFour possible combinations of heterogeneity and anisotropy



22 Process Governing Flow in Porous Process Governing Flow in Porous 
MediaMedia

The steady state flow of fluid through a porous media is The steady state flow of fluid through a porous media is 
governed by physical processes which are expressed governed by physical processes which are expressed 
mathematically by two fundamental equations:mathematically by two fundamental equations:

1.1. DarcyDarcy’’s Laws Law, which expresses the relationship between , which expresses the relationship between 
the motive force applied to the fluid and the resulting the motive force applied to the fluid and the resulting 
discharge of fluid through the medium.discharge of fluid through the medium.

2.2. Continuity EquationContinuity Equation, which expresses the conservation of , which expresses the conservation of 
fluid mass within the system.fluid mass within the system.



2.12.1 DarcyDarcy’’s Law for flow porous medias Law for flow porous media

The classic work on the flow of water through a The classic work on the flow of water through a 
porous medium was conducted by porous medium was conducted by Henri Darcy in Henri Darcy in 
France in 1856France in 1856. Darcy. Darcy’’s result is of fundamental s result is of fundamental 
importance and remains at the heart of almost all importance and remains at the heart of almost all 
groundwater flow calculations.groundwater flow calculations.

Darcy discovered that the Darcy discovered that the discharge Q of water discharge Q of water 
through a column of sand is proportional to the through a column of sand is proportional to the 
cross sectional area A of the sand columncross sectional area A of the sand column, and to , and to 
the the difference in piezometric head between the difference in piezometric head between the 
ends of the columnends of the column, h1, h1–– h2, and h2, and inversely inversely 
proportional to the length of the column Lproportional to the length of the column L. That is:. That is:
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DarcyDarcy’’s experiment is shown schematically in Figure s experiment is shown schematically in Figure 
3. The constant of proportionality 3. The constant of proportionality K K is known as the is known as the 
hydraulic conductivity [LThydraulic conductivity [LT––1] and is a measure of 1] and is a measure of 
the ease with which water can be moved through the ease with which water can be moved through 
the porous medium.the porous medium.



Rather than referring to the total discharge Q, it is Rather than referring to the total discharge Q, it is 
often more convenient to standardize the often more convenient to standardize the 
discharge by considering the volume flux of water discharge by considering the volume flux of water 
through the column, i.e. the discharge across a through the column, i.e. the discharge across a 
unit area of the porous medium. In the context of unit area of the porous medium. In the context of 
groundwater, groundwater, the volume flux is called the specific the volume flux is called the specific 
dischargedischarge qq [m/sec] and is given simply by Q/A. [m/sec] and is given simply by Q/A. 
DarcyDarcy’’s result can then be written in terms of the s result can then be written in terms of the 
specific discharge and the difference in head specific discharge and the difference in head 
between the ends of the column.between the ends of the column.
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The fraction (h2 The fraction (h2 –– h1)/Lh1)/L is called the is called the average average 
hydraulic gradienthydraulic gradient over the length of the column. over the length of the column. 
As LAs L tends to zero, the average hydraulic gradient tends to zero, the average hydraulic gradient 
becomes an increasingly close approximation to becomes an increasingly close approximation to 
the point value of the derivative of head with the point value of the derivative of head with 
respect to distance respect to distance xx. Darcy. Darcy’’s experimental result s experimental result 
then becomes:then becomes:

which describes Darcywhich describes Darcy’’s Law at any point in the s Law at any point in the 
porous medium. The spatial derivative of head porous medium. The spatial derivative of head 
dh/dh/dxdx is called the is called the hydraulic gradienthydraulic gradient at that point. at that point. 

dx
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2.22.2 Specific Specific dischargedischarge and and groundwatergroundwater
velocityvelocity

There is a fundamental relationship between There is a fundamental relationship between 
specific discharge and groundwater velocityspecific discharge and groundwater velocity. . 
Specific discharge has the dimensions of velocity, Specific discharge has the dimensions of velocity, 
and in some books it is referred to as the Darcy and in some books it is referred to as the Darcy 
velocity.velocity.

This terminology is misleading and is best This terminology is misleading and is best 
avoided, as avoided, as the specific discharge is not a velocitythe specific discharge is not a velocity
–– and it is certainly not the same as the and it is certainly not the same as the 
groundwater velocity. To illustrate the difference, groundwater velocity. To illustrate the difference, 
consider what happens when consider what happens when we pump water we pump water 
through an empty pipe.through an empty pipe.

The relationship between discharge, crossThe relationship between discharge, cross--
sectional area and water velocity usectional area and water velocity u is is u = Q/Au = Q/A, and , and 
in this case the velocity in this case the velocity is is equal to the specific equal to the specific 
discharge.discharge.



However, if we repeat the experiment but this However, if we repeat the experiment but this 
time fill the pipe with sand, the crosstime fill the pipe with sand, the cross--
sectional area of the pipe remains the same, sectional area of the pipe remains the same, 
but the cross sectional area that is open to but the cross sectional area that is open to 
flow is much reduced, and so, for the same flow is much reduced, and so, for the same 
discharge (and hence the same specific discharge (and hence the same specific 
discharge) through the pipe, the water will be discharge) through the pipe, the water will be 
forced through a smaller crossforced through a smaller cross--sectional area sectional area 
and will, therefore, have to travel faster than and will, therefore, have to travel faster than 
if the pipe were empty. This means that the if the pipe were empty. This means that the 
water velocity will be higher than the specific water velocity will be higher than the specific 
discharge.discharge.

It can be shown that the effective area open It can be shown that the effective area open 
to flow is to flow is AneAne, where , where nene is the effective is the effective 
porosity of the rock, and hence the porosity of the rock, and hence the 
groundwater velocity can be calculated by:groundwater velocity can be calculated by:

en
qu =



Note that this does not mean that water travels Note that this does not mean that water travels 
more easily through low porosity rock. It does more easily through low porosity rock. It does 
mean that if the specific discharge through two mean that if the specific discharge through two 
rocks is the same, then the water will travel rocks is the same, then the water will travel 
faster through the rock with the lower effective faster through the rock with the lower effective 
porosity.porosity.



2.32.3 The forces causing the motion of water in a The forces causing the motion of water in a 
porous mediaporous media

The resultant of the fluid weight and the forces due to 
hydrostatic pressure is given by:
( ) ( ) ( )kWFFFjFFFiFFF zzzyyyxxx −∆+−+∆+−+∆+− )()()(

or,

( )kWFjFiF zyx +∆−∆+∆−

where i, j and k are the unit vectors in the x, y and z 
directions respectively.



In terms of the pressures on each face of the volume, 
the resultant force can be written:

( ) ( ) ( )kgPPPjPPPiPPP zyxzzzxzyyyzyxxx ∆∆∆−∆+−+∆∆∆+−+∆∆∆+− ρ)()()(
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or,



Dividing by Dividing by ∆∆xx∆∆yy∆∆zz gives the force per unit volumegives the force per unit volume

Now letting Now letting ∆∆xx, , ∆∆y y and and ∆∆z z tend to zero gives,tend to zero gives,

The above equation means that the driving force on the The above equation means that the driving force on the 
water is a function of the pressure distribution andwater is a function of the pressure distribution and the the 
weight of the fluidweight of the fluid
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2.42.4 Darcy law in isotropic media (the Darcy law in isotropic media (the 
general case)general case)

In an isotropic medium we assume that there are In an isotropic medium we assume that there are 
no preferential directions within the medium and no preferential directions within the medium and 
consequently that the specific discharge is in the consequently that the specific discharge is in the 
same direction as the resultant force on a volume same direction as the resultant force on a volume 
of fluid. Darcyof fluid. Darcy’’s Law states that the specific s Law states that the specific 
discharge is proportional to the head or energy discharge is proportional to the head or energy 
gradient which represents the force applied to a gradient which represents the force applied to a 
volume of water and so this can be written.volume of water and so this can be written.
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Notice that the intrinsic permeability is a property Notice that the intrinsic permeability is a property 
of the porous medium whereas the dynamic of the porous medium whereas the dynamic 
viscosity is a property of the fluid.viscosity is a property of the fluid.
Notice that the expression for q above cannot be Notice that the expression for q above cannot be 
simplified to:simplified to:

since we cannot take the 1/since we cannot take the 1/ρρg inside the  g inside the  
operator. To do this we require that operator. To do this we require that ρρ and g be and g be 
constant.

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∇+∇−= z

g
Pgkq
ρ

ρ
µ

constant.



2.52.5 DarcyDarcy’’s law in isotropic porous media s law in isotropic porous media 
(NON(NON--Constant Density)Constant Density)

The general form of DarcyThe general form of Darcy’’s Law is written in s Law is written in 
terms of pressure, and this is essential if the terms of pressure, and this is essential if the 
density of the groundwater is spatially variable. density of the groundwater is spatially variable. 
However, if the density is homogeneous (i.e. However, if the density is homogeneous (i.e. 
constant in space), then we can make a constant in space), then we can make a 
simplification that allows it to be written, like simplification that allows it to be written, like 
DarcyDarcy’’s experimental result, in terms of head.s experimental result, in terms of head.



The acceleration due to gravity is a physical The acceleration due to gravity is a physical 
constant, but if it is assumed that constant, but if it is assumed that ρρ is also is also 
constant, then we can write:constant, then we can write:
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or, it can also be written in different notation as:or, it can also be written in different notation as:

Which is a simple extension of DarcyWhich is a simple extension of Darcy’’s s 
experimental result to two or three dimensions. experimental result to two or three dimensions. 
However, it is important to realize that this However, it is important to realize that this 
equation is valid only if the density of the fluid is equation is valid only if the density of the fluid is 
constant.constant.

where K is known as the Hydraulic Conductivity where K is known as the Hydraulic Conductivity 
[LT[LT--1].
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Notice here that the hydraulic conductivity is given Notice here that the hydraulic conductivity is given 
byby::

and is  property both of the porous medium, since and is  property both of the porous medium, since 
it is a function of it is a function of kk, and of the fluid contained in it, , and of the fluid contained in it, 
since it depends also on since it depends also on µµ

gkK ρ
µ

=



2.62.6 Flow in anisotropic porous media Flow in anisotropic porous media 
(constant density)(constant density)

What is the effect of anisotropy on the flow of What is the effect of anisotropy on the flow of 
water through the rock and how can it be water through the rock and how can it be 
described by Darcydescribed by Darcy’’s law?s law?

To answer this question qualitatively, we might To answer this question qualitatively, we might 
consider the case of a rock containing a large consider the case of a rock containing a large 
number of open fractures all aligned in number of open fractures all aligned in 
approximately the same direction, which allow approximately the same direction, which allow 
significant quantities of water to pass through significant quantities of water to pass through 
them easily. Suppose also that the unfractured them easily. Suppose also that the unfractured 
rock matrix between them has a comparatively rock matrix between them has a comparatively 
low hydraulic conductivitylow hydraulic conductivity..



It follows that if we apply a force to the It follows that if we apply a force to the 
water in the rock, there will be a greater water in the rock, there will be a greater 
tendency for the water to move parallel to tendency for the water to move parallel to 
the fracturing (rather than across it) even the fracturing (rather than across it) even 
though the applied force may not be in though the applied force may not be in 
that direction. This is the essential result that direction. This is the essential result 
which applies to flow in all anisotropic which applies to flow in all anisotropic 
media, media, i.e. that the water does not i.e. that the water does not 
necessarily move in the direction of the necessarily move in the direction of the 
applied force (the hydraulic gradient).applied force (the hydraulic gradient).



For simplicity, we concentrate here on the case in For simplicity, we concentrate here on the case in 
which flow is anisotropic but not density which flow is anisotropic but not density 
dependent. It can be shown that, for any natural dependent. It can be shown that, for any natural 
system, there are three special directions, known system, there are three special directions, known 
as the principal directions of hydraulic as the principal directions of hydraulic 
conductivity, which are at right angles to each conductivity, which are at right angles to each 
other. It can also be shown that if the coordinate other. It can also be shown that if the coordinate 
axes are aligned with these principal directions, axes are aligned with these principal directions, 
then Darcythen Darcy’’s Law is:s Law is:
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2.72.7 The mass continuity equationThe mass continuity equation

The principal of the conservation of mass is fundamental to The principal of the conservation of mass is fundamental to 
all hydrology and is expressed mathematically by the all hydrology and is expressed mathematically by the 
continuity equationcontinuity equation. . 

The fundamental principle is that, for a fixed volume over a The fundamental principle is that, for a fixed volume over a 
given period of time:given period of time:

increase in mass stored = mass inflow increase in mass stored = mass inflow –– mass outflowmass outflow

the following figurethe following figure shows the mass fluxes across the walls shows the mass fluxes across the walls 
of the control volume. For example, (of the control volume. For example, (Jx) Jx) is the mass per is the mass per 
unit area per unit time entering the control volume parallel unit area per unit time entering the control volume parallel 
to the to the xx--axis and (axis and (Jx Jx ++∆∆Jx) Jx) is the mass per unit area per is the mass per unit area per 
unit time leaving the control volume in the same direction.unit time leaving the control volume in the same direction.



We define (We define (M ) M ) to be the mass of the substance of to be the mass of the substance of 
interest per unit volume, and (interest per unit volume, and (∆∆M) M) the increase in the increase in 
mass per unit volume in time mass per unit volume in time ∆∆tt. . 

The total increase in mass in the volume in time The total increase in mass in the volume in time 
∆∆t t is, therefore, is, therefore, ∆∆MM∆∆xx∆∆yy∆∆zz..

We also define the net increase in mass (per unit We also define the net increase in mass (per unit 
volume per unit time) due to internal sources and volume per unit time) due to internal sources and 
sinks by (sinks by (N) N) . In groundwater terms, a sink might . In groundwater terms, a sink might 
be an abstraction from a well whose intake lies be an abstraction from a well whose intake lies 
within the control volume.within the control volume.
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Each of the terms in previous Equation are finite 
difference approximations to derivatives, and 
letting ∆x, ∆y, ∆z and ∆t tend to zero gives the 
continuity equation:
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The bracketed expression in the last The bracketed expression in the last Equation Equation is is 
called the divergence of the mass flux vector J, called the divergence of the mass flux vector J, 
and is sometimes written more compactly as    J; and is sometimes written more compactly as    J; 
thus itthus it can also be written as:can also be written as:
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2.82.8 The storage of fluid within the AquiferThe storage of fluid within the Aquifer

Aquifers act both as water conduits and as reservoirs. Under Aquifers act both as water conduits and as reservoirs. Under 
steady state flow conditions the quantity of water stored in steady state flow conditions the quantity of water stored in 
the aquifer remains constant in time. the aquifer remains constant in time. 

Water flowing from a volume of aquifer is replaced by an Water flowing from a volume of aquifer is replaced by an 
equal quantity of incoming water. However, recharge to an equal quantity of incoming water. However, recharge to an 
aquifer and abstractions from it are generally time varying. aquifer and abstractions from it are generally time varying. 
In such cases the amount of water stored in the aquifer In such cases the amount of water stored in the aquifer 
changes over time.changes over time.

When water is pumped from a phreatic aquifer, water is When water is pumped from a phreatic aquifer, water is 
released from storage by the lowering of the water table, released from storage by the lowering of the water table, 
and the volume of water released is equal to the volume of and the volume of water released is equal to the volume of 
extra void spaces produced by this lowering.extra void spaces produced by this lowering.



When a confined aquifer is pumped, water is When a confined aquifer is pumped, water is 
released due to the effects of reducing the released due to the effects of reducing the 
pressure within the aquifer. pressure within the aquifer. 

This reduction in pressure may result in the This reduction in pressure may result in the 
compaction of the aquifer, reducing the void compaction of the aquifer, reducing the void 
space and squeezing out the groundwater like space and squeezing out the groundwater like 
water from a sponge. water from a sponge. 

If the pressures in the aquifer are high enough to If the pressures in the aquifer are high enough to 
compress the groundwater itself then reducing compress the groundwater itself then reducing 
the pressure will result in the groundwater the pressure will result in the groundwater 
increasing in volume, causing an increased yield. increasing in volume, causing an increased yield. 

If the pizeometric surface is drawndown below If the pizeometric surface is drawndown below 
the top of the aquifer then the aquifer will behave the top of the aquifer then the aquifer will behave 
locally like a phreatic one.locally like a phreatic one.



We define the specific storativity SWe define the specific storativity SS S [L[L--11] by] by

is the coefficient of compressibility of the aquifer         is the coefficient of compressibility of the aquifer         
is the coefficient of compressibility of the fluid is the coefficient of compressibility of the fluid 

][ βαρ ngS s +=

α
β



3.3. Compressibility and Effective Compressibility and Effective 
StressStress

The analysis of The analysis of transient groundwater flowtransient groundwater flow
requires the introduction of the concept of requires the introduction of the concept of 
compressibility.compressibility.

CompressibilityCompressibility is a material property that is a material property that 
describes the change in volume, or strain, induced describes the change in volume, or strain, induced 
in a material under an applied stress.in a material under an applied stress.

In the classical approach to the strength of elastic In the classical approach to the strength of elastic 
materials, the materials, the modulus of elasticitymodulus of elasticity is a more is a more 
familiar material property. It is defined as the familiar material property. It is defined as the 
ratio of the ratio of the change in stress dchange in stress dσσ to the resulting to the resulting 
change in the strain dchange in the strain dεε..



Compressibility is simply the Compressibility is simply the inverse of the inverse of the 
modulus of elasticitymodulus of elasticity. It is defined as . It is defined as 
strain/stress, strain/stress, ddεε/d/dσσ,, rather than stress/strain,rather than stress/strain,
ddσσldldεε..

For the flow of water through porous media, it is For the flow of water through porous media, it is 
necessary to define two compressibility terms, necessary to define two compressibility terms, 
one for the water and one for the porous media.one for the water and one for the porous media.



3.13.1 Compressibility of water (fluid)Compressibility of water (fluid)

Compressibility of water,Compressibility of water, ββ can be defined as:can be defined as:

The negative sign is necessary if we wishThe negative sign is necessary if we wish ββ to be a to be a 
positive number.positive number.

dP
VdV ww /

−=β



An increase in pressure An increase in pressure ddpp leads to a decrease in leads to a decrease in 
the volume the volume VwVw of a given mass of water. of a given mass of water. 

: volumetric strain induced by : volumetric strain induced by ddPP

Note that V=Mass/DensityNote that V=Mass/Density

ββ = = zero for an incompressible fluid.zero for an incompressible fluid.
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3.23.2 Effective StressEffective Stress

Assume that a stress is applied to a unit of saturated sand. Assume that a stress is applied to a unit of saturated sand. 
There are three mechanisms behind a reduction in the There are three mechanisms behind a reduction in the 
volume:volume:

Compression of the water in the porous (Compression of the water in the porous (ββ).).
Compression of the water in the individual sand grainsCompression of the water in the individual sand grains
Rearrangement of the sand grains into a more closely packed Rearrangement of the sand grains into a more closely packed 
configuration.configuration.

σσTT : total stress due to weight of overlying rock and water.: total stress due to weight of overlying rock and water.



The is an upward stress caused by fluid pressure The is an upward stress caused by fluid pressure 
and the actual stress that is born by aquifer and the actual stress that is born by aquifer 
skeleton, the latter is called effective stress.skeleton, the latter is called effective stress.



Total stress, effective stress, and fluid pressure Total stress, effective stress, and fluid pressure 
are related by the simple equation:are related by the simple equation:

or, in terms of the changes,or, in terms of the changes,

The weight of rock and water overlying each point The weight of rock and water overlying each point 
in the system often remains essentially constant in the system often remains essentially constant 
through time.through time.

PeT +=σσ

dPdd eT += σσ

dPdd eT −=⇒= σσ 0



If the fluid pressure increases, If the fluid pressure increases, σσee decreases by decreases by 
equal amount.equal amount.

If the fluid pressure decreases, If the fluid pressure decreases, σσee increases by increases by 
equal amountequal amount

When pumping an aquifer occurs:When pumping an aquifer occurs:

the fluid pressure decreases and the fluid pressure decreases and σσee increases.increases.
Aquifer skeleton may compactAquifer skeleton may compact
From definition of From definition of ββ , , the volume of water in the volume of water in 
aquifer will expand.aquifer will expand.



3.33.3 Aquifer CompressibilityAquifer Compressibility

The compressibility of a porous media is defined The compressibility of a porous media is defined 
as:as:

So, if So, if σσe increase the total volume of a soil mass e increase the total volume of a soil mass 
decreases.decreases.

The aquifer compressibility can be defined asThe aquifer compressibility can be defined as

e
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db: change in aquifer thickness.db: change in aquifer thickness.
The negative sign indicates that the aquifer The negative sign indicates that the aquifer 
gets smaller with an increase    in effective gets smaller with an increase    in effective 
stress.stress.

Since Since 

dP
bdbdPd e

/
=⇒−= ασ



When a well in an aquifer is being pumped then:When a well in an aquifer is being pumped then:

Fluid pressure decreases, and so Fluid pressure decreases, and so σσe increases by e increases by 
equal amount. Aquifer will be compact   by equal amount. Aquifer will be compact   by db.db.

The fluid pressure increases, The fluid pressure increases, σσe decreases by e decreases by 
equal amount. Aquifer expandequal amount. Aquifer expand..





Table 4Table 4 shows typical values of        which are shows typical values of        which are 
given by Freeze and Cherry for a variety of rocksgiven by Freeze and Cherry for a variety of rocks

α

αFormation m2 N-1

Clay
sand
gravel
jointed rock
sound rock

10-8 – 10-6

10-9 – 10-7

10-10 – 10-8

10-10 – 10-8

10-11 – 10-9
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